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INTRODUCTION 


A  broad  range  of  different  chemical  measurements  involve  a  pertur¬ 
bation  of  the  chemical  system  and  the  resulting  measurement  of  the  system's 
response  to  that  perturbation  [1-10].  For  example,  nuclear  magnetic  resonance 
(NMR)  spectrometry  is  most  commonly  implemented  by  perturbing  the  nuclei  to 
be  examined  with  a  pulse  of  radio -frequency  energy  and  monitoring  the  response 
of  the  nuclei  to  that  pulse;  this  response  is  termed  the  free- induction  decay. 
Similarly,  the  kinetics  of  rapid  chemical  reactions  are  often  investigated 
by  perturbing  the  studied  reaction  with  a  pulse  of  electrical  or  thermal 

energy;  monitoring  the  induced  change  in  reaction  equilibrium  then  permits 

+  ■ 

the  kinetics  to  be  characterized.'5  Finally,  in  gas  chromatography,  a  pulse 
of  a  chemical  sample  is  introduced  into  the  instrument  (a  gas  chromatograph)  and 
the  response  of  the  instrument  to  that  chemical  "pulse"  is  the  gas  chromatogram 
itself. 

The  measurement  of  fluorescence  lifetimes  [1,4,6]  and  photochemical  reaction 
rates  [  5  ]  is  often  accomplished  using  this  same  impulse-baked  approach:  Of  -  ■''] 
the  many  techniques  available  for  the  determination  of  fluorescence  lifetimes, 
the  time-correlated  single  photon  jnethod  [11-13]  is  now  the  most  frequently 
used.  Another  common  approach  is  phase/modulation  fluorimetry  [14,15].  This 
technique  is  a  frequency-domain  measurement  and  involves  the  determination  1 

of  the  systems  frequency-response  function.  In 

these  frequency-based  techniques,  the  fluorophore  or  photolytic  reaction  to 
be  studied  is  perturbed  not  with  a  pulse  of  light,  but  rather  with  a  CWl optical  ! 

beam  which  is  amplitude  modulated.  If  the  beam  is  modulated  over  a  broad 
range  of  frequencies,  either  simultaneously  or  in  a  swept  fashion,  it  is 
possible  tu  monitor  the  frequency  response  of  the  fluorophore  or  reaction. 

Deducing  the  photolytic  reaction  rate  or  fluorescence  lifetime  using  such  a  source  i$ 


2 


possible  either  in  the  time  domain,  using  correlation  techniques  [1,5,10]  or 
in  the  frequency  domain  using  spectrum  analysis  [16]. 

In  the  present  paper, frequency-domain  measurements 
will  be  reviewed  and  their  application  to  the  measurement  of  fluorescence 
lifetimes  emphasized.  Expressions  will  then  be  derived  for  the  signal-to- 
noise  ratios  which  should  be  possible  with  each  of  the  alternative  methods. 
Finally,  the  signal -to-noise  expressions  will  be  compared  with  a  view  toward 
identifying  the  optimal  technique  for  obtaining  fluorescence  lifetimes. 
Throughout  this  discussion,  the  reader  is  encouraged  to  consider  the  appli¬ 
cation  of  these  measurement  principles  to  other  areas,  including  the  study 
of  Dhotolytic  reactions,  electrochemistry,  radical-incuded  reactions, 
etc. 


FREQUENCY-BASED  METHODS  FOR  LIFETIME  DETERMINATION 

W/WWWWWWXAAA/WWWVWWWWWWVWVWVAAAAAAi 

The  tv/o  alternative  methods  for  the  frequency-based  measurement  of 
fluorescence  li fetimes  or  photolytic  reaction  rates  are  schematically  illus¬ 
trated  in  Fig.  1.  The  two  cases  employ  a  light  source  whose  intensity  / 

is  modulated,  respectively,  either  stoichastically  or  si nusoi dually.  In  Fig.  l, 
the  determination  of  a  fluorescence  lifetime  is  used  as  an  example;  however, 
the  general  methodology  would  be  the  same  no  matter  what  the  measurement 
might  involve.  Let  us  examine  more  closely  these  two  techniques. 

Swept-Frequency  Method 

'W  \A/v/WW  v/WW\ iAAAAAAA/ 

Figure  1A  portrays  a  swept- frequency  approach  to  fluorescence  lifetime 
determination.  In  this  scheme  an  optical  source  (S)  is  used  whose  output 
intensity  can  be  modulated  at  any  desired  frequency.  This  source  illuminates 


the  sample  cell  (C)  which  contains  the  system  whose  response  characteristics 
(fluorescence  kinetics)  are  sought.  The  response  of  this  system  to  the 
modulated  source  will  be  a  time-varying  fluorescence.  Clearly,  the  intensity 
of  the  fluorescence  will  vary  at  the  same  frequency  as  the  source  because 
of  the  linear  relationship  between  the  two.  This  fluorescence  is  detected 
by  a  photomultiplier  tube  (PMT)  and  the  resulting  photocurrent  is  sent  to 
an  AC-to-DC  converter.  The  AC-to-DC  device  puts  out  a  DC  signal  which  is 
proportional  to  the  mean  square  amplitude  (power)  of  the  sinusoidal  photocurrent 
signal.  This  signal  can  then  be  applied  to  the  vertical  axis  of  an  X-Y 
recorder. 

The  optical  source  in  Fig.  lA  is  driven  by  an  oscillator  which  can 
sweep  across  the  desired  modulation  frequencies.  For  convenience,  a  DC 
signal  proportional  to  the  frequency  of  modulation  is  sent  to  the  X-axis 
of  the  X-Y  recorder,  so  the  recorder  sketches  the  frequency  response  curve 
directly  as  the  optical  source  modulation  is  swept  across  the  desired  fre¬ 
quencies.  The  assumptions  made  here  are  that  the  modulation  depth  of  the 
source  intensity  is  constant  with  frequency  and  that  the  frequency  response 
of  the  detection  system  is  flat  over  the  range  of  interest.  If  these  assump¬ 
tions  are  not  valid,  a  correction  for  the  system's  response  will  be  required. 
Conveniently,  the  system  response  can  be  determined  by  inserting  a  scattering 
substance  into  the  sample  cell  and  sweeping  once  more  the  desired  frequency 
range.  Correction  then  requires  a  simple  division  of  the  total  frequency 
response  curve  by  that  of  the  system  above  [16]. 

Wideband  Modulation  Method 
vwwim/wvwwwuwwiM 

A  second  approach  to  frequency- response  determination  is  shown  in  Fig. 

IB.  In  this  case  a  wideband  modulated  source  is  utilized  to  perturb  the 


species  in  the  sample  cell  (C).  The  term  "wideband  modulated"  implies 
that  the  intensity  fluctuations  of  this  source  contain  many  fre¬ 
quencies.  These  fluctuations  might  be  coherent  (pulsed)  or  incoherent 
(noise).  This  fluctuating  source  illuminates  the  sample  cell  and  induces 
a  fluorescence  which  is  observed  with  a  photomultiplier  (PMT).  The  resultant 
photocurrent  is  then  processed  by  a  tuned  electronic  filter  whose  passband 
can  be  set  at  any  desired  frequency.  That  frequency  passed  by  the  tuned 
filter  is  processed  by  an  AC-to-DC  converter  whose  output  feeds  the  Y-axis 
of  an  X-Y  recorder.  A  signal  from  the  filter  which  is  proportional  to  its 
center  frequency  is  applied  to  the  X-axis  of  the  X-Y  recorder  and  the  center 
frequency  is  scanned  across  the  frequencies  of  interest.  Consequently,  the 
frequency  response  of  the  fluorescence  system  is  traced  out  by  the  recorder. 
As  in  the  previous  (swept  frequency)  example,  it  has  been  assumed  here 
that  the  power  spectrum  of  the  intensity  fluctuations  from  the  source  and 

the  detector  response  are  both  constant  with  frequency.  Of  course,  if  this 
latter  condition  is  not  met,  it  is  simple  to  correct  for  any  of  these 

changes  through  use  of  the  same  normalization  procedures  discussed 
earlier. 

There  are  many  possible  variations  to  both  of  these  schemes.  In  the 
first  method  (Fig.  1A),  a  tuned  filter  could  be  placed  between  the  PMT  and 
the  AC-to-DC  converter  to  reduce  the  noise  which  is  detected.  For  the  second 
scheme  (Fig.  IB),  the  source  could  be  modulated  at  al 1  frequencies  simulta¬ 
neously  or  at  only  a  number  of  discrete  frequencies.  Additionally,  the 
detection  system  could  be  multiplexed  rather  than  scanned.  That  is,  a 
detection  system  could  be  employed  that  examines  all  frequencies  simulta¬ 
neously.  Such  a  system  might  be  a  continuous  digitizer  followed  by  numerical 
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Fourier  transformation  or  a  number  of  detectors  and  tuned  filters  each  of 
which  observes  a  given  frequency  continuously.  The  advantages  or  disad¬ 
vantages  of  all  these  schemes  can  best  be  decided  through  a  signal-to-noise 
analysis. 


SIGNAL-TO-NOISE  COMPARISON  OF  METHODS 

^AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA/ 


FOR  FREQUENCY-RESPONSE  DETERMINATION 

<WWWWUWWWWW\AAAAAAAAAAAAAAAA» 

In  the  following  analysis,  it  will  be  assumed  that  all  measurements  are 
limited  in  precision  by  photon  shot  noise.  That  is,  the  dominant  noise  in 
the  measurement  system  will  be  assumed  to  be  that  caused  by  the  inherent 
quantum  fluctuations  in  a  detected  optical  signal.  Any  optical  measurement 
can  theoretically  be  improved  to  this  limiting  situation. 

The  power  spectrum  for  a  shot-noise-limited  process  can  be  expressed 

I 

by  Eq.  1  [17]. 


S(w)  =  $S(m)  +  $>z6(w)  (1) 

/\ 

In  Eq.  (1),  *  is  the  average  photon  flux,  w  is  angular  frequency,  S  (to)  is 
the  power  spectrum  of  a  single  event  in  the  process  (i ,e. ,  here  the  arrival 
of  a  photon),  and  6  is  the  Dirac  delta  function.  Because  the  arrival  of  a 
photon  is  essentially  an  instantaneous  event  (i .e. ,  a  delta  function  in 

A 

time),  S(w)  can  be  set  to  a  constant  of  magnitude  one.  In  this  discussion 
it  will  be  assumed  that  the  photon  flux  (radiant  power)  is  directly  pro¬ 
portional  to  the  observed  photocurrent,  i . e ■ ,  quantum  and  collection  effi¬ 
ciencies  will  be  neglected.  In  such  a  situation  the  power  spectrum  of  the 
induced  photocurrent  for  an  optical  flux  $  will  consist  of  a  DC  electrical  power  (not 
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current)  of  <J>2  and  a  power  of  4>  at  all  other  frequencies.  The  power  at 
frequencies  greater  than  zero  is  due  to  the  fluctuations  inherent  in  the 
shot-noise  process.  Notice  that  the  AC  power  or  noise  power  per  unit  band¬ 
width  is  just  the  square  root  of  the  DC  power.  One  should  also  note  that  throughout 
the  following  discussion  the  term  "power"  refers  to  the  electrical  power  generated 
by  the  photon  detection  process. 

Swept- Frequency  Method 

^aaaaaaaaaaa/vaaaaaaaa/v 

In  the  swept- frequency  method  the  perturbation  consists  of  a  modu¬ 
lated  photon  flux.  The  time-dependent  input  to  the  system  [i(t)]  can  thus 
be  described  as  a  100%  modulated  sinusoid  at  any  frequency  uQ,  viz.. 


i(t)  =  4>[1  +  cos(a)ot+4>)]  . 


The  positive-frequency  Fourier  transform  of  i(t)  is 

1(a))  =  4>[<5(u))  +  5(w-u>0)]  .  (3) 

The  signal  power  spectrum,  S(w),  is  then 

S  (oj)  =  <J>z[5(uj)  +  6((i)-a)0)]  •  (4) 

In  addition,  if  one  assumes  Poisson  statistics  for  the  arrival  of  photons, 
the  noise  power  per  unit  bandwidth,  N(w),  for  the  input  signal,  i(t)»  is 

N(w)  =  i>  .  (5) 


I 
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The  total  power  spectrum  (noise  plus  signal)  for  this  case  is 
illustrated  in  Fig.  2.  In  Fig.  2,  the  shot-noise  contribution  is  the 
constant  (with  frequency)  power  level  of  magnitude  <t>.  There  is  also  a 
signal  contribution  to  Fig.  2,  visible  as  both  a  DC  term  and  as  an  AC  term 
at  frequency  uQ.  Both  of  these  signals  stand  above  the  level  of  background 
noise  by  an  amount  4>2  and  <J>2/2  for  the  DC  and  AC  terms,  respectively;  thus 
their  respective  peak  magnitudes  will  be  <t>2+$>  r.nd  (<J>2/2)+<l>.  Of  these  com¬ 
ponents,  it  is  the  signal-to-noi se  ratio  for  the  measurement  of  the  AC 
power  at  o)Q  that  is  of  interest  here.  The  signal-to-noise  ratio  (S/N)  is 
defined  to  be  the  mean  signal  divided  by  the  square  root  of  the  variance  _ 
of  that  signal  [18],  viz.,  » 


_  mean  signal _ 

N  (variance  of  signal)^2 


The  mean  signal  in  this  case  is  known  to  be  $2/2,  the  power  at  wQ.  The 
noise  in  the  measurement  will  be  entirely  due  to  the  shot-noise  power  at 
frequencies  near  u)Q.  A  power  spectrum  analyzer  (the  device  used  to  measure 
power  spectra)  records  the  mean-square  signal,  H*2,  over  some  bandwidth  Bg, 
indicated  on  Fig.  2.  The  variance  of  the  mean  square  value  in  the  case 
of  spectrally  flat  noise  across  a  given  bandwidth  Bg  is  given  by  Eq.  (7) 


[19]. 


C.(0)  2y2 

Var  [f2]  =  jV-  *  gf  C„(0) 


In  Eq.  (7),  CN(0)  is  the  value  of  the  autocovariance  function  at  zero  delay 
of  the  noise  contained  in  the  bandwidth  Bg,  y^  is  the  mean  value  of  the 
noise,  and  r  is  the  time  over  which  the  measurement  is  averaged.  The  auto- 
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covariance  is  the  autocorrelation  minus  the  square  of  the  mean  [20].  Because 
only  AC  components  are  being  observed  over  bandwidth  Bg,  the  second  term  of 
Eq.  (7)  will  be  zero.  The  factor  CN (0)  is  equal  to  the  mean  square  noise 
observed  in  the  measurement,  in  this  case  Be$.  Eq.  (7)  now  becomes 


Var  [<S>2]  = 


The  known  mean  and  variance  of  the  signal  can  be  substituted  into  Eq.  (6) 
to  yield 


s  -  $  r-L-i 
n  "  I  (B7 


Eq.  (9)  implies  that  S/N  will  increase  proportionally  with  .  ' 'nt 
power,  the  square  root  of  the  averaging  period,  or  the  reciprocal  of  the 
square  root  of  the  measurement  bandwidth.  This  result  indicates  that  a 
large  increase  in  S/N  could  be  realized  if  a  tuned  filter,  whose  center 
frequency  follows  the  source  modulation  frequency,  were  placed  between 
the  PMT  and  the  AC-to-DC  converter  shown  in  Fig.  1A.  Specifically,  if  the 
entire  bandwidth  over  which  measurements  are  to  be  made  is  B  and  the  band- 

W 

width  of  the  tuned  filter  is  8_,  the  S/N  gain  would  be  (B  /B  )^2. 

Figure  2  indicates  that  background  subtraction  would  also  be  needed 
to  find  the  AC  power.  This  second  measurement  would  increase  the  variance 
of  the  procedure  by  a  factor  of  two,  and  therby  decrease  S/N  by  a  factor  of 
(2)^2.  For  brevity  of  expression,  this  factor  will  be  neglected  in  all  sub¬ 
sequent  treatment;  it  would  be  present  in  all  the  S/N  expressions  discussed 
later  so  nothing  is  lost  when  they  are  compared,  in  addition,  the  exact 
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signal -to-noise  expressions  should  be  frequency-dependent  functions.  The 
signal  measured  will  decrease  with  increasing  frequency  according  to  the 
systems  frequency-response  function.  If  we  assume  constant  fluorescence  quantum 
efficiency,  changes  in  lifetime  will  only  effect  the  signal  factor  in  the 
expressions  and  not  the  noise  component.  Thus,  multiplication  of  equation  (9) 
by  the  system  frequency-response  function  would  make  it  valid  for  all 
frequency  measurements.  Because  we  are  comparing  the  relative  signal-to-noise 
ratio  of  several  different  measurement  schemes,  this  frequency  dependent 
factor  becomes  irrelevant  and  is  not  included  in  the  following  equations. 


Wideband  Modulation  Method 

VWWWVWVVWWUVVVVAAMA/ 

For  the  second  measurement  scheme,  shown  in  Fig.  IB,  there  can  be  two 
cases  of  interest:  a  multi -frequency  intensity-modulated  source  and  a 
broadband  intensity-modulated  source.  The  latter  is  the  continuous  case 
of  the  former.  Let  us  consider  separately  the  S/N  available  from  each  approach. 

Multi -frequency  Modulation.  The  time-dependent  intensity,  i(t),  from 
a  multi -frequency  modulated  source  can  be  expressed  by  Eq.  (10).  This 
source  is  assumed  to  be  simultaneously  amplitude  modulated  at  K  discrete 
frequencies.  This  situation  simulates  the  behavior  of  mode  noise  in  a 
CW  laser  [  8,10,16].  , 

K 

i(t)  =  l  4>  [1  +  cos(to  t+A  )]  (10) 

n=l  n  n  n 

where  <t>n  is  the  amplitude  of  the  nth  modulation  frequency  (wn)  and  <j>n  the 
phase  of  the  n^  frequency  component.  The  Fourier  transform  of  this  signal 
is 


I  (oj)  =  E  <!>  6(w)  +  £  <t>  6(w-w  )e^n  .  (11) 

n=l  n  n=l  n 

For  the  situation  where  all  4>n  are  the  same  in  magnitude  and  equal  to  <t>, 
the  power  spectrum  of  i(t)  is 

K  -2 

S(co)  =  K2$26(oj)  +  E  -x—  6 (oj-oj  )  .  (12) 

n=l  c  n 


As  expressed  in  Eq.  (5),  the  noise  power  per  unit  bandwidth,  N(u>),  is  the 


square  root  of  the  DC  (left-hand)  term  of  S(w),  or  N (w)  =  K4>.  The  variance 
produced  by  the  shot  noise  will  be,  in  this  case, 

D 

Var[¥2]  =  -f  (K$)2  .  (13) 


The  S/N  will  then  be 


Comparing  the  S/N  for  the  multi -frequency  modulated  method  [Eq.(14)] 
to  that  for  the  swept-frequency  system  [Eq.  (9)],  one  finds  that  the  S/N 
is  worse  in  the  former  case  by  a  factor  of  K,  when  equal  bandwidths  (Be) 
are  employed  in  both  methods.  This  situation  arises  because  the  power  of 
the  average  detected  quantity  has  increased  by  a  factor  of  K2  in  the  multi - 
frequency  technique,  but  the  power  at  each  modulation  frequency  has  remained 
the  same.  Thus  the  noise  level  has  increased  by  K,  whereas  no  increase  in 
the  measured  signal  is  realized. 

Broadband  Modulation.  The  second  case  of  interest  for  the  Fig.  IB 

measurement  scheme  occurs  when  broadband  modulation  is  employed.  In  this 

case,  modulation  arises  simultaneously  at  every  frequency  across  the  entire 

band  of  interest.  An  expression  for  the  time-dependent  signal  for  this 

case  can  be  obtained  if  one  takes  the  limit  in  Eq.  (10)  as  K-*»  and  u)Q->0 

while  o)qK  is  kept  constant  and  equal  to  the  entire  frequency  range  of  interest 

(B  ).  The  required  operation  is  expressed  in  Eq.  (15). 
w 


I\ 

i(t)  =  Tim  I  $n[1  +  cos(na)0t  +  4>n)l 
K-ko  n=l 


u  K=Bu 
o  w 


At  these  limits,  the  summation  becomes  an  integral: 


B 

rw 

i(t)  -  J  4>(aj)  [1  +  cos(o)t  +  <f>(o)))]  do)  .  ( 1 1 

o 

Once  more  if  the  modulation  amplitude  [$(o>)]  is  constant  and  equal  to 
i(t)  becomes 


i (t)  =  $B 


' 

+  <j>  / 

w  J 


cos  [tot  +  4> (w)]  dti)  . 


The  Fourier  transform  of  Eq.  (17)  is  then 


e"Jtot  {$B, 


? 

1  +  4>  / 

w  J 


cos[<V  t  +  4>(u)‘  )]do)'  }  dt 


where  the  primes  have  been  included  to  distinguish  the  separate  frequency 
variables.  The  first  term  in  Eq.  (18)  is  the  DC  term  which  is  straightforward 
to  evaluate.  The  second  term  is  most  easily  evaluated  by  expansion  of  the 
cosine  into  its  complex  exponential  form  and  interchange  of  the  order  of 
integration.  Performing  these  operations  yields 


/ 

ejl{,(u}' 


6  ( co-to’  )du' 


» 


Integrating  over  u1  now  gives 
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I (w)  =  4>B  <S((d)  +  for  0  <  to  <  B..  .  (20) 

W  W 

The  power  spectrum  for  i(t)  in  this  case  is  then 

S(oj)  =  4>2B2  (S (cd)  +  for  0  <  (d  £  Bw  .  (21) 

Eq.  (21)  indicates  that  a  component  in  the  signal  power  spectrum  exists 

at  DC  (left-hand  term)  which  is  2B2  larger  than  the  components  at  other  fre- 
quencies.  However,  the  power  spectrum  at  frequencies  above  zero  has  a  constant 
magnitude  out  to  frequency  B  .  As  mentioned  earlier,  this  sort  of  spectrum 

IT 

is  commonly  called  a  flat  or  "white"  spectrum. 

.  *' 

The  noise  for  the  case  pertaining  to  Eq.  (21)  is,  as  in  the  previous 
two  analyses,  the  square  root  of  the  DC  term.  The  noise  per  unit  bandwidth 
is  then 


N(id)  =  $8W  .  (22) 

The  variance  of  the  measurement  in  this  case  using  Eq.  (7)  is 

B  B2<I>2 

VarO2]  =  -—*■ —  (23) 

where  all  quantities  are  as  defined  earlier.  Because  the  signal  is  contin¬ 
uously  spread  over  frequency  space,  the  observed  signal  power  is  directly 
proportional  to  the  bandwidth  of  the  detection  system.  Therefore,  the  S/N 
expression  for  this  case  is 


N  =  2B  <T01/2 


w 


(24) 


For  comparison  to  the  previous  two  S/N  expressions,  Eq.  (24)  can  be  rewritten 


as 


c  <tB 

N  =  W  ^ 

w  e 

Comparison  of  Eqs.  (9)  and  (25)  shows  that  the  S/N  for  broadband  modu¬ 
lation  will  be  reduced  by  a  factor  of  Bg/Bw  over  that  of  the  swept-frequency 
method,  even  though  the  average  total  power  of  the  signal  is  B*  greater.  To 
better  compare  the  S/N  for  the  three  methods  discussed  above  and  expressed 
by  Eqs.  (9),  (14),  and  (25),  each  of  the  quantities  B  ,  B  ,  and  $  will  be 

c  W 

set  equal  in  all  expressions.  It  will  also  be  assumed  that  each  measurement 
is  carried  out  with  the  swept-detection  filter  approach,  so  t  will  be  the 
same  in  all  situations.  Typical  values  for  B.  B  .  and  K  would  be  10*  Hz, 

W  c 

10s  Hz  and  40,  respectively,  for  experiments  aimed  at  determining  luminescence 
lifetimes  [10,16].  For  these  conditions  the  multi -frequency  modulation 
scheme  would  have  S/N  a  factor  of  40  smaller  and  the  broadband  modulation 
method  a  factor  of  101*  smaller  than  the  swept-frequency  method. 

Of  course,  the  broadband  modulation  methods  lend  themselves  to  multiplex 
signal  processing  and  would  benefit  from  such  a  scheme.  Multiplex  processing 
involves  modifying  the  signal  observation  time  (x)  in  the  above  expressions. 

Such  a  technique  is  considered  next. 

Alternative  Schemes  for  Data  Acquisition 

OAAAAAAA^W\A/VVAA/WWW\AAA/\AAAAAAAAAAA/VV. 

Schemes  for  data  acquisition  such  as  multiplex  and  slew-scan  [21  ]  can  be 
compared  in  terms  of  the  time  spent  monitoring  each  spectral  resolution  element, 
x,  expressed  in  turn  as  a  function  of  the  total  time  required  to  perform  an 


experiment,  T.  The  total  experiment  time  T  will  be  assumed  constant  for 
all  comparisons  discussed  in  this  section. 

Swept- Frequency  Method.  The  time  per  resolution  element,  t,  for  this 
method  will  be  simply  the  total  time,  T,  divided  by  the  number  of  resolution 
elements,  M.  In  turn,  M  will  be  the  total  bandwidth  of  the  experiment,  B  , 
divided  by  the  bandwidth  of  the  detection  system,  Bg: 

!  M  =  jp  .  (26) 


The  time  per  resolution  element  is  therefore 


TB 

B 


(27) 


This  expression  can  then  be  substituted  into  Eq.  (9). 

Multi -frequency  Modulation.  For  this  scheme,  there  ere  three  possible 
detection  modes:  continuous  sweep,  slew-scan,  and  multiplex.  The  continuous- 
sweep  case  is  similar  to  the  swept  frequency  method  discussed  above.  In 
contrast,  slew-scan  operation  involves  stepping  instantaneously  between 
modulation  frequencies  and  observing  every  one  for  an  equal  amount  of  time. 
Finally,  multiplex  detection  requires  simultaneous  detection  of  all  modu¬ 
lation  frequencies,  using  a  number  of  detectors  equal  to  the  number  of  those 
frequencies.  As  a  consequence,  each  detector  observes  the  signal  for  the 
entire  observation  time,  T.  The  expressions  for  t  for  each  of  these  cases 
fol low. 

Case  1 :  continuous  sweep  detection 

This  expression  is  identical  to  that  derived  for  the  swept- frequency 
method,  i.e.,  the  total  tire  divided  by  the  number  of  resolution  elements: 


Case  2:  slew-scan  detection 

If  the  transition  between  modulation  frequencies  is  instantaneous,  the 
measurement  time  will  be  equally  divided  among  the  K  discrete  frequencies, 
so 


t  =  l  .  (29) 

Case  3:  multiplex  detection^ 

When  each  of  k  detectors  observes  a  single  modulation  frequency, 

x  =  T  (30) 


All  of  these  expressions  can  be  substituted  into  Eq.  (14)  to  compare 
S/N  ratios. 

Broadband  Modulation.  This  scheme  can  be  carried  out  using  only  two 
of  the  possible  signal  acquisition  methods: 

Case  1 :  continuous  sweep 

As  with  the  swept- frequency  and  mul ti- frequency  modulation  methods. 


T 


(31) 


Case  2:  multiplex 


The  most  extensive  multiplex  approach  involves  a  single  detector  for 
each  spectral  resolution  element  contained  in  the  bandwidth  of  interest. 


i.e.,  B. ,/B.  detectors.  Each  detector  would  observe  a  qiven  band  of  fre- 
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quencies  for  the  total  time: 

t  =  T  .  (32) 

Alternatively,  digitization  of  the  signal  from  a  single  detector  could  be 
performed  and  be  followed  by  Fourier  transformation.  Complying  with  signal 
recovery  requirements,  this  latter  approach  would  also  yield  B  /B  spectral 

W  C 

resolution  elements  and  Eq.  (32)  would  apply  for  each  element. 

The  expressions  for  case  1  and  case  2  above  can  be  substituted  into 
Eq.  (25)  for  a  S/N  comparison. 

_  a r 

Summary  of  Expressions  for  Signal'to-Noise  Ratio 

'wvw\AaaaaaaAaaaaaaaaaaaaa/wwwwwwwwww\> 

Table  I  collects  all  the  expressions  for  S/N  derived  above;  all  expressions 
are  written  in  terms  of  the  total  experiment  time,  T.  For  purposes  of  com¬ 
parison,  each  expression  in  Table  I  has  been  normalized  by  the  swept-fre- 
quency  expression  and  listed  in  Table  II. 

The  first  column  in  Table  II,  representing  the  continuous  sweep  scheme,  indi¬ 
cates  that  S/N  will  be  reduced  by  K"1  and  Be/Bw,  respectively,  for  the  multi  fre¬ 
quency  and  broad-band  modulation  approaches  compared  to  single-frequency  modu¬ 
lation.  The  S/N  for  the  mul ti -frequency  approach  could  be  improved  by  the 
slew-scan  xietection  scheme  as  long  as  BgK  is  less  than  B^.  The  multiplex 
scheme  shows  further  improvements  in  S/N  for  both  the  mul ti -frequency  and 
broadband  modulation  methods.  From  these  considerations,  the  multi -frequency 
modulation  approach,  coupled  with  multiplex  detection,  should  provide  the 
greatest  signal -to-noise  ratios  for  response  evaluation.  Next  most  efficient 
would  be  either  the  single  frequency  input  with  swept-bandpass  detection  or 
the  mul ti -frequency  input  coupled  with  slew-scan  detection,  depending  on  the 
relative  magni tudes  of  the  parameters  in  Table  II. 
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Table  III  lists  relative  values  obtained  from  the  expressions  of 
Table  II  for  the  conditions  specified  earlier,  i  ,e. ,  Bw  =  109  Hz, 

Bg  =  10s  Hz,  and  K  =  40.  Clearly,  the  broadband  modulation  approach  suffers 
severely  in  the  S/N  comparison.  The  mul tiple-frequency  modulation  approach 
also  suffers  unless  one  of  the  more  sophisticated  detection  schemes  is 
utilized. 

Signal-to-Noise  Ratios  for  Identical  Input  DC  Radiant  Power 

'XAAAAAAAAAAAAAAAAA/\AAA/bVVWWVWW\AAAaAATWWVAAAAAAAAAAAAA^ 

It  should  be  recalled  that  the  average  signal  power  is  K2  and  B2  greater 
for  the  multi -frequency  and  broadband  modulation  approaches,  respectively, 
than  for  single  frequency  modulation.  This  situation  is  not  realistic  in 
most  experimental  situations.  In  many  instances  the  optical  power  used  to 
illuminate  a  system  under  study  is  limited  to  some  upper  level  because  of 
photodestruction  or  non-linearity  of  the  system  or  by  the  capability  of  the 
optical  source  itself.  Accordingly,  it  is  useful  to  express  S/N  in  Tables 
I  and  II  in  terms  of  equal  average  signal  levels. 

As  before,  the  swept-frequency  modulation  method  is  chosen  as  the 
standard  for  comparison,  and  the  other  methods  will  be  normalized  to  the 
same  DC  power.  The  average  power  input  in  that  scheme  was  $2,  yielding 


Multi -frequency  Modulation.  In  the  multi -frequency  modulation  method, 
the  average  (DC)  power  was  assumed  to  be  K2<i>2  for  K  modulation  frequencies 
[cf.  Eq.  (12)].  The  power  at  each  modulation  frequency  would  then  have  to 
be  4>2/K2  to  reduce  this  DC  term  to  42,  the  same  magnitude  as  the  DC  term  in 


the  single  swept-frequency  modulation  scheme.  The  expression  for  the  power 
spectrum,  S (oj) ,  for  this  situation  would  then  become 


S(o))  =  4>25  (uj) 


$2  r 

2K2  5 


(w-ajn) 


(34) 


Writing  S/N  as  in  Eq.  (14)  yields 


S_  _  $  /  t  V* 

N  "  2K* 


(35) 


The  noise  has  been  reduced  by  a  factor  of  K  because  of  the  decreased  DC 

term  but  the  signal  has  been  reduced  by  K2;  hence  Eq.  (35)  is  a  factor 

of  K  smaller  than  the  previous  result  in  Eq.  (14). 

Broadband  Modulation.  As  indicated  by  Eq.  (21),  the  power  per  unit 

bandwidth  at  positive  frequencies  will  have  to  be  reduced  to  4>Z/2B2  to 

w 

reduce  the  DC  term  to  4>2.  With  the  DC  power  reduced  to  4>2 ,  the  power  spectrum 
expression,  S(w),  for  this  method  becomes 


S(w)  =  4>26(gj)  +  |p-  (0  <  a)  <  Bw) 


(36) 


and  produces 


S 

N 


(37) 


Similar  to  the  mul ti- frequency  modulation  method,  the  noise  here  has  been 


reduced  by  B  but  the  signal  has  been  reduced  by  B*,  making  S/N  lower  by  a 
w  w 

factor  of  B,  over  Eq.  (35). 
w 

Summary  of  Si gnal-to-Noi se  Expressions  for  Identical  DC  Power 
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Table  IV  summarizes  the  S/N  expressions  in  Eqs.  (33),  (35),  and  (37). 

These  expressions,  when  normalized  by  the  swept  single-frequency  case, 
are  listed  in  Table  V.  Table  V  shows  that  there  is  an  additional  K_1  term 
in  all  the  expressions  for  multi -frequency  modulation  and  an  additional 
B'1  term  in  the  expressions  for  broadband  modulation  compared  with  those 
in  Table  II. 

Inspection  of  Table  V  shows  that  the  multi -frequency  modulation  approach, 
coupled  with  either  slew-scan  or  multiplex  detection,  could  potentially 
provide  the  greatest  signal-to-noise  ratios.  Swept  single-frequency  modulation 
would  be  the  next  most  efficient  measurement  method.  The  actual  ranking 
of  these  techniques  in  terms  of  the  highest  S/N  depends,  of  course,  upon 
the  values  of  B.  B  .  and  K,  as  shown  in  Table  VI. 

W  6 

Table  VI  mimics  Table  V  where  the  expressions  have  been  evaluated  for 

the  conditions,  B  =  109  Hz,  B„  =  105  Hz,  and  K  =  40.  These  results  show 
w  e 

that  under  the  condition  of  identical  DC  power  the  single  swept- frequency 
approach  is  by  far  the  best. 


CONCLUSIONS 

vwvwwwv 

From  Tables  V  and  VI,  it  would  seem  that  realistic  laboratory-based 
measurements  could  best  be  made  using  a  swept-frequency  amplitude-modulated 
source  and  a  frequency-selecti ve  detector  whose  bandpass  tracks  the  modulation 
frequency.  To  determine  brief  fluorescence  lifetimes  from  a  fre- 
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quency- response  plot  requires  the  use  of  high  modulation  frequencies 

[22,23].  For  example,  to  generate  a  substantial  portion  of  the  frequency 

response  spectrum  of  a  fluorophore  having  a  lifetime  of  1  ns  would  require  modulation 

frequencies  as  great  as  1  GHz.  Sources  modulated  at  such  high  frequencies  are  not 
commonplace.  A  source  that  might  be  suitable  for  swept  modulation  frequency 
measurements  is  a  laser/Bragg  cell  combination  [24].  Modulation  frequencies 
greater  than  1  GHz  have  been  obtained  with  this  type  of  source.  Swept 
modulation  frequency  systems  in  the  1-100  MHz  range  can  be  constructed  using 
Pockels  cell  modulators  [25].  Discrete  modulation  frequencies  from  400-1000 
MHz  can  also  be  obtained  from  a  Ql  ion  laser  when  operated  under  the  proper 
conditions  [26]. 

From  a  signal -to-noise  standpoint,  the  next  most  attractive  technique 
would  involve  the  use  of  a  source  which  is  simultaneously  modulated  at  a 
number  of  discrete  frequencies,  each  of  which  is  monitored  continuously. 

Such  a  scheme  is  already  feasible,  although  it  has  not  yet 

been  reported  in  the  literature.  As  suggested  earlier,  a  CW  laser  is  such 

I 

a  mul ti-frequency  source  [10,16]  and  is  simultaneously  modulated  rt  a  large 
number  of  frequencies  by  the  beating  of  its  longitudinal  modes  with  each  other. 

This  source  does  not  exactly  fit  the  model  of  a  multi  frequency  modulated 
source  used  in  this  study  in  that  the  DC  component  of  the  intensity  can  be 
considerably  larger  than  predicted  here.  The  larger  DC  component  will  reduce 
the  signal -to-noise  ratio  for  a  frequency  response  measurement  but  does  not 
reduce  the  relative  advantages  of  using  multiplex  detection. 

To  detect  each  of  the  mode  beat  frequencies  individually  would  require  a 
number  of  tuned  radio-frequency  filters;  conveniently,  such  filter  technology 
is  highly  developed  and  forms  a  strong  component  of  radio  and  television 
electronics.  One  would  envision  such  a  detection  scheme  to  be  relatively 
simple  to  construct  and  to  operate.  The  design  of  such  a  device  is  now  under- 
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The  only  scheme  outlined  in  Tables  V  and  VI  which  has  been  experimentally 
studied  is  the  mul ti -frequency  modulated  source  coupled  with  a  swept- frequency 
detector  [16].  Based  on  the  success  of  those  preliminary  studies,  and  the 
expected  gain  in  S/N  of  100  afforded  by  multiplex  detection,  one  would  surmise 
the  frequency-response  approach  to  time-resolved  fluorimetry  to  be  a  viable 
one. 
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TABLE  II.  Expressions  for  Signal-to-Noise  Ratio  from  Table  I 
Normalized  by  the  Swept-Frequency  Expression.3 
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TABLE  ill.  Signal-to-Noise  Ratio  Expressions  from  Table  I 

Normalized  by  the  Single  Swept-f requency  Expression  and 
Evaluated  for  the  Conditions,  B  ■  10®H  ,  B  *  105Hz, 

K  -  40. a  W 


a 


B  is  the  total  bandwidth  over  which  the  experiment  is  performed, 

Bw  is  the  detection  system  bandwidth,  and  K  is  the  number  of  modulation 
ffequencies  for  multi-frequency  modulation. 


TABLE  IV.  Expressions  for  Signal-to-Noise  Ratio  Under  Conditions 
of  Identical  Input  DC  Radiant  Power.3 


the  detection  system  bandwidth. 
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TABLE  V.  Signal-to-Noise  Ratio  Expressions  From  Table  IV 
Normalized  by  the  Swept-Frequency  Expression.3 


a  K  Is  the  number  of  modulation  frequencies*  B  is  the  total  bandwidth 
over  which  the  experiment  is  performed,  and  J»e  is  the  bandwidth  of 
the  detection  system. 
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TABLE  VI.  Signal-to-Noise  Ratio  Expressions  From  Table  IV 

Normalized  by  the  Single  Swept-Frequency  Expression  and 
Evaluated  for  the  Conditions,  B  “  1Q9Hz,  B  “  105Hz, 
and  K  -  40. a  W 
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a  B  is  the  total  bandwidth  over  which  the  experiment  is  performed, 
BW  is  the  detection  system  bandwidth,  and  K  is  the  number  of 
modulation  frequencies  for  multi-frequency  modulation. 
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Figure  1. 


Figure  2. 


FIGURE  LEGENDS 

Two  methods  for  the  determination  of  fluorescence  lifetimes 
by  frequency-response  measurement.  C  is  the  fluorescence 
sample  cell,  PMT  is  a  photomultiplier  tube,  and  AODC  is 
a  device  which  yields  a  DC  signal  proportional  to  the  mean 
square  amplitude  of  the  AC  input.  A.  Swept  single¬ 
frequency  method.  B.  Wideband  modulation  method. 

The  total  powfir  spectrum  (noise  +  signal)  for  the  swept 
single-frequency  method.  The  photon  flux  is  100%  modulated 
at  oj0  and  has  an  average  value  of  $.  The  bandwidth  of 
the  detection  system  used  to  measure  the  power  at  uQ  is 
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